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fS) ' Abstract 

Pesin's formula relates the entropy of a dynamical system with its positive Lya- 
punov exponents. It is well known, that this formula holds true for random dynamical 
systems on a compact Riemannian manifold with invariant probability measure which 
C ' is absolutely continuous with respect to the Lebesgue measure. We will show that this 

formula remains true for random dynamical systems on R'' which have an invariant 
probability measure absolutely continuous to the Lebesgue measure on R''. Finally we 
' will show that a broad class of stochastic flows on R'* of a Kunita type satisfies Pesin's 

formula. 
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1 Introduction 

^ ' Entropy can be seen as a measure for uncertainty or for the chaotic behaviour of an evolution 

process. In information theory entropy is often interpreted as the minimal number of yes-no 
questions that are necessary to encrypt a finite signal. Here we are interested in the entropy 
of a dynamical system. A deterministic dynamical system preserving a smooth probability 
measure is the process generated by successive applications of a diffeomorphism on some 
space or manifold. The entropy for such a system given a partition of the space is roughly 
I speaking the asymptotic exponential rate of yes-no questions necessary to encrypt the path 

of a particle evolving with this system with respect to this partition weighted with the 
invariant measure (see definition below). 

Pesin's formula relates the entropy of a smooth dynamical system with its positive Lya- 
punov exponents. This remarkable formula was first established for deterministic dynamical 
systems on a compact Riemannian manifold preserving a smooth measure (see [3] , [Hi and 
[16[). Pesin first proved general results concerning the existence of families of stable man- 
ifolds and their absolute continuity (see Q) and deduced therefrom the formula. Later, 
results were generalized to deterministic dynamical systems preserving only a Borel measure 
(see [ll] , ) and for dynamical systems with singularities (see [§] ) . In Q one finds a com- 
prehensive and self-contained account on the theory dynamical systems with nonvanishing 
Lyapunov exponents, i.e. non-uniform hyperbolicity theory. 
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In this article we are interested in random dynamical systems, i.e. the evolution of the 
process generated by the successive application of random diffeomorphisms which will be 
assumed to be chosen independently according to some probability measure on the set of 
diffeomorphisms. Since it is much too restrictive to assume invariance of some probability 
measure for each diffeomorphism, the notion of invariance was extended to random dynam- 
ical system in [lo| : a probability measure is said to be invariant for a random dynamical 
system if the average over all possible diffeomorphisms preserves the measure (see definition 
below). The notion of entropy for random dynamical systems can not directly be deduced 
from the deterministic case, since in many interesting cases this quantity equals infinity (see 
[lol . Theorem II. 1.2]). Thus Kifer extended the notion of entropy in [3| to random dynam- 
ical systems: Roughly speaking entropy of a random dynamical system given a partition of 
the state space is the asymptotic exponential rate of the averaged number of yes-no questions 
necessary to encrypt the path of a particle evolving with this system with respect to this 
partition weighted with the invariant measure. In terms of conditional entropy this coincides 
with the conditional entropy of the skew product given the randomness (see Section I3.2[) . 



By this Pesin's results were generalized in [lO[, [l^ and [13| to random dynamical systems 
on compact Riemannian manifolds. 

In this article we will extend the results to random dynamical systems on the non- 
compact space R''. The main application we have in mind when we consider random dynam- 
ical systems on R'' are stochastic flows on R"* with stationary and independent increments 
preserving a probability measure that is absolutely continuous to the Lebesgue measure on 
R''. In [2| it was proven that under some regularity assumptions there is a one to one rela- 
tion between random dynamical systems and stochastic flows of a Kunita type (see ) . In 
Section [S] we will show that the assumptions (sec Section IXT|) arc satisfied for a broad class 
of stochastic flows which have an invariant probability measure. 

First we will introduce the formal concept of entropy and conditional entropy of partitions 
and measure preserving transformations (see Section [5]) . After we have defined random 
dynamical systems we will present some facts on entropy for random dynamical systems 
and the existence of Lyapunov exponents (see Section [21). 

To bound the entropy from below we have to construct a proper partition (see Section [7]) 
such that the entropy of the random dynamical system given this partition can be bounded 
from below by its positive Lyapunov exponents. This partition will be constructed via 
local stable manifolds. Hence wc will present the construction and the existence of local 
stable manifolds for random dynamical systems on R'' which have an invariant probability 
measure in Section S) This section follows very closely the general plan of [l^l . Roughly 
speaking, the stable manifold at any point x in space consists of those points that converge 
by application of the iterated functions with exponential speed to the iterated of x. One 
important construction within the proof is to define sets, nowadays called Pesin sets, which 
are chosen in such a way that one has uniform hyperbolicity on these sets (see Section 14. ip , 
i.e. uniform bounds (in space and randomness) on the behaviour of the differential of the 
iterated maps (see Lemma |4J|) . 

In Sections [5] and |6] we state the theorems on the absolute continuity property. These 
basically say that the conditional measure with respect to the family of local stable man- 
ifolds of the volume on the state space is absolutely continuous (in fact, even equivalent) 
to the induced volume on the local stable manifolds. This is a crucial property within the 
construction of the partition mentioned in the previous paragraph and is proven in [Hj . 

Finally in Section [8] wc state the proof of Pesin's formula for random dynamical systems 
on R'' which have an invariant probability measure which is absolutely continuous to the 
Lebesgue measure on R''. First, we will bound the entropy from below following the proof 
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of [IJ, Chapter IV] and using the results from the previous sections (see Section [5?T|) . The 
estimate from above (see Section [572)) was cstabhshed in [l^ for certain stochastic flows, but 
its proof can be applied to our situation by changing only two estimates in the proof. 

Let us emphasize that we obviously can not equip the space of twice continuously differ- 
entiable diffcomorphisms on R** with the uniform topology, as done in the case of a compact 
state space. Here we will use the topology induced by uniform convergence on compact sets 



(see [llj. Section 4.1]). Clearly by this we lose the uniform bounds used in [13| to estab- 
lish local stable manifolds (in particular the counterpart of Lemma 14. 4p . To replace these 
uniform bounds we need to assume certain integrability assumptions (see Section [Q]) . As 
already mentioned we will show in Section [9] that all these assumptions are satisfied for a 
broad class of stochastic flows on R''. 



2 Preliminaries 

We will give a short introduction into (conditional) entropy of partitions and measure pre- 
serving transformations, mainly following [l3| . 

2.1 Measurable Partitions 

Let (X, B, fi) a Lebesgue space. A partition of X is a collection of non-empty disjoint sets 
that cover X. Subsets of X that are unions of elements of a partition ^ are called ^-sets. 

A countable family {Ba ■ a S .4} of measurable ^-sets is said to be a basis of the 
partition ^ if for any two elements C and C" of ^ there exists an a € A such that either 
C C Ba , C" ^ Ba or C C Ba , C <f. Ba ■ A partition which has a basis is called a measurable 
partition. 

For X ^ X we will denote by ^(x) the element of the partition ^ that contains x. If 
.J,^' are measurable partitions of X, we will write ^ < ^' if C'(^) C ^(x) for /x-almost every 
x^X. 

For any system of measurable partitions \^a\ of X there exists a product defined 
as the measurable partition ^ that satisfies the following two properties: 1) ■fa < for ^ 
a; 2) if £^a < for all a then ^ < Furthermore for any measurable partition {^q,} of 
X there exists an intersection /\^ ^a defined as the measurable partition ^ that satisfies the 
following two properties: I) £,a > £, for all a; 2) if ^q, > ^' for all a then ^ > 

Let us introduce the factor space X/^ of X with respect to a partition ^ whose points are 
the elements of ^. Its measurable structure and measure fi^ is defined as follows: Let p be 
the map that maps x ^ X to (,{x), then a set Z is considered to be measurable iip^^{Z) e B 
and we define ^J■^{Z) := ^(p~^{Z)). Let us remark that if ^ is a measurable partition then 
X/^ is again a Lebesgue space. 

For measurable partitions n G N and ^ of X the symbol ^„ ^ indicates that 
Ci < ^2 < • ■ • and Vn 6i = Similarly the symbol ^„ \ indicates that £,i > £,2 > ■ ■ ■ and 

For a measurable partition £ the cr-algebra generated by £ consists of those measurable 
sets of X that are (arbitrary) unions of ^-sets. Conversely for any sub-cr-algebra there exists 
a generating measurable partition. Thus in the future we will often not distinguish between 
the CT-algebra and its generating partition. 

One very important property of measurable partitions of a Lebesgue space is that asso- 
ciated to such a partition ^ there exists a unique system of measures {/^c}cgc satisfying the 
following two conditions: 
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i) {C,B\c, ^J■c) is a Lcbesguc space for /i^-a.c. C e X/£^ 

ii) for every A £ B the map C H' A'cl^ H C) is measurable on X/£^ and 

/ /ic(Anc)d/i4(C). 

Such a system of measures {mcIcg^ is caUed a canonical system of conditional measures of 
/i associated to the partition ^. 

More detailed informations on measurable partitions can be found in [isl Section 0.2]. 

2.2 Conditional Entropies of Measurable Partitions 

Let us again assume that {X, B, fj.) is a Lebesgue space. If ^ is a measurable partition of X 
and Ci, C2, . . . are the elements of ^ with positive /i measure then we define the entropy of 
the partition ^ by 




:,MC^fc)iog(A^(Cfe)) if A^(x\uc^fc) = o 

if M^\U^fc) >o. 



Let us remark that the sum in the first part can be finite or infinite. 

If ^ and 77 are two measurable partitions of X, then almost every partition S,b, which is 
the restriction of ^ to i? e X/rj, has a well defined entropy iJ^a(^B). This is a non- 
negative measurable function on the factor space X/r], called the conditional entropy of ^ 
with respect to 77. Let us set 

Jx/ri 

which is the mean conditional entropy of ^ with respect to rj. This number can be finite or 
infinite. If r/ is the trivial partition whose single element is X itself, then clearly H^{^\ri) 
coincides with ifp(^). Furthermore it is easy to see that 

H^i^lv)^- f log(M,(.)(e(x)nrKx)))d^(x). (2.1) 
Jx 

If the partition rj generates the cr-algebra Q then the conditional entropy can be expressed 
in terms of conditional probabilities, i.e. 

Let us state some basic properties of the conditional entropy (see [H, Section 0.3]). 

Lemma 2.1. Let r]n for n G N and ^, rj and ^ be measurable partitions of X . Then we 
have 

i) z/^„ ^ e then i/^(e„b7) / ^/.(Ch); 

i^j i/Cn \ ^ and rj satisfies H^{^i\ri) < 00 then i?^(Cnh) \ H^{(,\ri); 
in) H^{^ V 77IC) = H,{^\C) + H^(77|? V C); 
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iv) if rjn /- 7] and £_ satisfies H^{^\7]i) < oo then \ H^{^\vi); 

v) if In \ V then H^{£_\-qn) / H^{(,\'q). 

Further if {Xi,Bi, fii) for i = 1,2 are two Lehesgue spaces and T is a measure-preserving 
transformation from to (X2, /B2, /i2), then for any measurable partition and rj 

of X2 we have 

Proof. For the proof of property i) - v) see [l^l and for the last one see [l^, Section 0.3]. □ 



2.3 Conditional Entropies of Measure-Preserving Transformations 

Let us consider a measure preserving transformation T : X X and a a-algebra A d B 
with T~^A C A and denote the generating partition of A by (^q. Then we can define the 
entropy of the transformation T in the sense of Kifer (see [10|) as follows. 

Lemma and Definition 2.2. For any measurable partition ^ with Hfj,{£_\A) < +00 the 
following limit exists 



h^{T,0= lim -hJ Vr-'C 



1=0 



Co 



The number h-^{T, is called the A-conditional entropy ofT with respect to ^. Furthermore 
h^{T) suph^{T,0 and h,,{T) sup /j{«-^>(r, C) 

are called the A-entropy of T and entropy of T respectively. Here the supremum is either 
taken over all partition ^ with finite entropy or over all finite partitions. 

Proof See and [H, Section 0.4 and Section 0.5]. □ 

If we want to define entropy for any measurable partition of X we need to assume that 
the (T-algebra A is invariant under the transformation T, i.e. the following definition. 

Definition 2.3. Assume that T^^A = A. Then for any measurable partition ^ of X we 
define 




Remark. For any measurable partition ^ that satisfies < -\-oo the Definition 12.21 

and 12.31 coincide (see [13, Remark 0.5.1]). 



3 Entropy and Lyapunov Exponents of Random Dy- 
namical Systems 

In this section we will first introduce the notion of random dynamical systems. Then we 
will define its entropy and state the multiplicative crgodic theorem to define Lyapunov 
exponents. Here we arc following [l^, Chapter I]. 
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3.1 Random Dynamical Systems 

Let us abbreviate the set of two-times difFerentiable difFeomorphisms on R'' by fJ. The 
topology on is the one induced by uniform convergence on compact sets for all derivatives 
up to order 2 as described in [III Section 3.1]. With this topology becomes a separable 
Banach space. Let us fix a Borel probability measure ly on {il,B(fl)), where B{n) denotes 
the Borel tr-algebra of fi. 

We are interested in ergodic theory of the evolution process generated by successive ap- 
plications of randomly chosen maps from n. These maps will be assumed to be independent 
and identically distributed with law ly. Thus let 

-t-oo 
i=0 

be the infinite product of copies of the measure space {fl,B(fl), v). Let us define for every 
w= (/o(a;),/i(a;),...) e f]'^ and n > 

/° = id, - fn-iH o /„_2(c^) ° • • • o Muj). 

The random dynamical system generated by these composed maps, e.g. {/" : ti > 0, w € 
(f]'^,i3(fl)'^,z/'^)} will be referred to as X+(R'^,iy). 

Let us further define the two important spaces fi^ x R'' and il^ x R'', both equipped 
with the product cr-algebras B{Q)^ x S(R'^) and B{fl)'^ x B{'R'^) respectively. As already 
mentioned above is a separable Banach space by the choice of the uniform topology on 
compact sets. Hence we have 

Bin)^ X 6(R^) = Bin^ X R''), 
B{nf X 6(R'^) = B{n^ X R"*). 

Further let us denote by r the left shift operator on fi^ and fi^, namely 

fniruj) = 

for aU Lj = (/oH,/iH,...) en^,n>0 and lu = (. . . , /oH, AH, • ■ • ) e f^^, 
n £ Z respectively. Finally let 

F -.n^ xR'^ ^ X R'*, (w, x) ^ (tlo, fo{oj)x), 

G -.n^ xH"^ ^ X r'', (w, x) ^ {tuj, h{uj)x). 

The function F is often called the skew product of the system. The two systems x 
R'^jF) and [Vt^ x R'', G) will allow us to see the random dynamical system somehow as a 
deterministic one on the product space. 

Definition 3.1. A Borel probability measure fi on R"* is called an invariant measure of 
X+iR^i^) if 

[ Mr'(-))dK/)-M- 

Jn 

From now let us assume that there exists an invariant measure /x of A'"'"(R'*, and let us 
denote the random dynamical system associated with /i by A'+(R'^, i/, n). From |10l . Lemma 
1.2.3] we have the following Lemma, which relates the notion of invariance defined above 
with the invariance with respect to the skew product, i.e. the function F on x R''. 
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Lemma 3.2. Let ji he a probability measure on TV^. Then fji is an invariant measure 
of {^'^ ,v) (in the sense of Definition VJ.l]) if and only if x ^ is F-invariant, i.e. 



Proof. See [10|, Lemma L2.3] 



□ 



Let us denote the tangent space at some point y e R'' b y T „R'^. Although this is quite 
unusual for systems on R'' we will stick to the notation from [13| . Let us define the following 
map. in differential geometry known as the exponential function, for y e R** 

expj^ : R"* = TyBJ^ R.'^, x expj^(a::) := x + y, 

where = means that the two spaces are isometrically isomorphic and thus can be identified. 
In the following we will use this often implicitely. Then we can define for (w, x) € fi^ x R'' 
and n > the map 



\i^,x),n ■■= exP^i+l^ o/n(w) O exp^„^, 



which is the evolution process centered around the trajectory of x, i.e. ^"(cj,a;),n(0) = 
for all n > 0. Throughout this article we will assume that the random dynamical system 
A'+(R'*, z^, /^) satisfies the following integrability assumptions on u and ^x: 

Assumption 1: Let v and n satisfy 

\og+ \D^f o{io)\ e C^iy"" Xfi), 

where \Dxfo{u!)\ denotes the operator norm of the differential as a linear operator from TxIV^ 
to Tf^(^i^-)x'^'^ induced by the Euclidean scalar product and log'^(a) = max{log(a); 0}. 

Assumption 2: Let v and fi satisfy 



log sup |-D|F(^,^),o| e C'iiy'^ x /i), 
\?e-Bx(o,i) / 



log sup 



D 



-F(c.,x),o(C)-^(<^,x),0 



e C^{,y^ X fi), 



where Bx{0,r) denotes the open ball in TxIV^ around the origin with radius r > and is 
the second derivative operator. 



Assumption 3: Let v and fi satisfy 



loe 



^' [uj,x},0 



Assumption 4: Let v and fi satisfy 

\og\detDxfo{Lo)\eC'{i^^ xn). 
Assumption 5: Let /i and v satisfy for all 7i e N 

sup iog+ \D^fZ\ e c} {v^ X ^,) 

i&B{x,l) 
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Assumption [T] is necessary for the application of the muhiphcative ergodic theorem (see 
next section) , whereas Assumption [3] is used in Lemma 14.91 to achieve an estimate on the 
derivative of the inverse. Assumption [2] is used in Lemma 14.41 to get an uniform bound on 
the Lipschitz constant of the derivative and its inverse on some specific set Tq C x R''. 
Finally we need Assumption 2] in Setion 18.11 for the final proof to bound the entropy from 
below and Assumption [5] for the proof of the estimation from above (see Setion [5?^ . 

Let us remark that Assumption [2] can be relaxed by taking not the unit ball in TxR"^ 
into consideration but some ball with positive radius. Furthermore obviously Assumption [S] 
implies Assumption [Tl but we want to make clear which integrability assumption is used at 
what point of the proof. 



3.2 Measure-Theoretic Entropies of Random Diffeomorphisms 

In this section we will define the notion of entropy for random dynamical systems. We are 
closely following and [l3| . 

Lemma and Definition 3.3. For any finite partition ^ ofR'^ the limit 
h^{X+{Tl'',,y),0-= lim 



n— >+oo n 

exists. The num&er /ip(A:'+(R'^, ;/), ^) is called the entropy of X'^{'R,'^,i', ^) with respect to ^. 
The number 

/i^(A'+(R^zy)) :=sup/i^(A'+(R^i.),0 

e 

is called the entropy o/ /ip(A'+(R'', z^), ^). Here the supremum is either taken over all parti- 
tion ^ with finite entropy or over all finite partitions. 

Let us denote the projection from il^ x R"* to Vl^ x R'' by P, i.e. 

P : 17^ X R'' ^ O'^ X R'*, (cj,a;) (w+,a;), 

where := {fo{uj), /i((^), • ■ . ) for a; e ft^ and let us define the following cr-algebras 

ao {F X R'^ : F e 6(0'^)} ; 

a := {F' X R'' : F' e B{n'^)} . 

Clearly these a-algebras correspond to the measurable partitions {{to} x R'^ : ui E fi^} of 
X R'', {HlL X {w} X R'' : w e n^^"" ^} of X R'^ and {{co} x R'^ : lu e n^} of 
X R'' respectively. We will often use the same symbols for both, the cr-algebra and the 

partition. 

Then we have the following result from [l^, which relates the entropy of X'^{'R'^,iy, fi) 
in the sense of the previous definition to the conditional entropy defined in Definition 12.21 

Theorem 3.4. If ^ = {Ai, . . . , A„} is a finite partition of R'' and 77 = {Bi, . • . , B,n} a 
finite partition of fi^ then we have 

h^iX+{R'',iy),0^hl%^^^{F,^xr^), 
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where ^ x j] {Ai x Bj : 1 < i < n,l < j < m}. Furthermore this yields 

h,{X+{R'',,.)) = h'^^^^{F). 

Proof. See [H, Theorem 1.2.2]. □ 

The foUowing proposition from [l3| justifies to transfer the invariant measure from x 
R'^ to X R''. 

Proposition 3.5. For every invariant probability measure /i o/ A'"'"(R'*, j/) there exists a 
unique Borel probability measure fi* on fl^ x R^ such that G/i* = /i* and Pji* = x /i. 

Proof. See [H, Proposition 1.1.2]. □ 

The following theorem from [l^] relates the entropy of G on Vt^ x R*^ with the entropy 
of F on Vl^ X R*^. It will be useful for the proof of the estimation of the entropy from below 
(see Sectioi^HU) . 

Theorem 3.6. For X+ {H'^ ^i) it holds that 

K^^^{F) = h;:iG)^h;.iG). 

Proof See [H, Theorem 1.2.3]. □ 

3.3 Multiplicative Ergodic Theorem and Lyapunov Exponents 

By Assumption [1] in the previous section the multiplicative ergodic theorem yields the ex- 
istence of linear subspaces with corresponding Lyapunov exponents, which play an extraor- 
dinary important role in the analysis of dynamical systems. The following theorem is [isl . 
Theorem 1.3.2]. 

Theorem 3.7. For the given system A'+(R'', i^, /x) there exists a Borel set Aq C il^ x R'' 
with i'^ X /i(Ao) — 1, FAq C Aq such that: 

i) For every {ll!,x) G Aq there exists a sequence of linear subspaces of TxIV^ 

and numbers (called Lyapunov exponents) 

X'-^^x) < A(2)(a;) < ... < A('^(^»(a;) 
(X^^^^ (x) may be — oo ), which depend only on x, such that 

hin ilog|i5,/:?^| = A«(x) 
for all £ G V^^*^ \\Vy \\ 1 < i < r(x), and in addition 

hin ilog|i?,/:| = AW^»(x) 

n-i.+oo n 

hm - log |det(i?,/:;)| = V A(')(x)m,(x) 
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where mi{x) = dim(y^J\^j) — dim(V^[_^ ), which depends only on x as well. Moreover, 
r(x), X^^\x) and Vfl^^-j depend measurably on {uj,x) G Aq and 

for each (a;,x) G Aq, 1 < i < r{x). 
ii) For each {ui,x) € Aq, we introduce 

P^^Hx) < p^^\x) < ... < p^'^\x) (3.1) 

to denote A^^^ (x), . . . , A^^' (a;), . . . , A^*) (x), . . . , A^^^ (x), . . . A^''^^" (2^), • • ■ , A^'^^^^ [x) with 
A*'*^(x) 6em5 repeated mi{x) times. Now, for {iiJ,x) G Aq, {^1, . ■ . , ^rf} is a basis of 
TajR"^ which satisfies 

lim ilog|D./:6l=P^^^(a^) 

/or every \ < i < d, then for every two non-empty disjoint subsets P,Q C {1, . . . , d} 
we have 

lim - \og^{D,f:^Ep,Dj:^EQ) = 0, 

where Ep and Eq denote the subspaces of T^TL'^ spanned by the vectors {CijieP ^^^^ 
{^jljgQ respectively and"f{-, ■) denotes the angle between the two associated subspaces. 

For more details on the multiplicative ergodic theorem for random dynamical systems 
and Lyapunov exponents see for example [H or 13, Section 1.3]. The angle between to linear 
subspaces E and E' of a tangent space T^IV^ for some x G R'^ is defined by 

jiE, E') := inf {cos"! ((^, : C e i?, C e E' , |C| = |^'| = 1} , 

where (•, •) denotes the Euclidean scalar product on T^R!^. 



3.4 Pesin Formula 

Now we are able to formulate the main theorem of this article 

Theorem 3.8. Let XiYi!^ , v) be a random dynamical system which has an invariant mea- 
sure p, and satisfying Assumptions]^ -[31 Further assume that the invariant measure p is 
absolutely continuous with respect to the Lebesgue measure on TH^ then we have 

h^iXiH^-^v)) = y"^AW(a;)+m,(x)dM(x). 

i 

Proof. The proof of the theorem can be found in Section [S] For the proof we need some 
preparation, which will be done in the following sections. □ 



4 Local and Global Stable Manifolds 

In this section we will mainly follow the book of Liu and Qian [l^, Chapter III] . In general 
proofs are only given, if there is a need to change arguments due to the non-compactness of 
R"^ as the state space of the random dynamical system. Otherwise wc will state the reference 
for the proof. 
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4.1 Lyapunov Metric and Pesin Sets 

Let us define for some interval [a,b], a < b < 0, oi the real line the set 

AaM ■= {{^^.x) e Ao : X^x) ^ [a,b] for al\i€ I,.. ■,r{x)} , 

where Aq was defined in of Theorem 13.71 Because of FAq C Aq and the invariance of the 
Lyapunov exponents we have FAa^b C Aa.t- For {uj,x) G Aa^ and n > 1 define the following 
linear subspaccs of T^'R'^ and Tf^^R'' respectively by 

EoiLO,x):= U i/o(w,x) :=£;o(w,x)-^, 

A(')(a;)<a 

For n, / > 1 let us denote the iterated functions by 

:= id, //.(cj) = /„+;_i(w) o • • • o /„(w). 

and we will denote the derivative of /^(w) at /"x by x) := -D/r>a;/,j(a;) and its restric- 

tion to En{uJ,x) and Hn{u!,x) respectively by 

S'n{i^,x) ■.= T^{uJ,x)\e^(uj,x), U'^{^,x) ■.= TI{uJ,x)\h„(u.x)- 

Let us now fix fc > 1 and < e < min{l, (6 — a)/(200(i)} and let us assume that the set 

Aa,b,k {{'^■.x) e Aa^b ■ Ah-n Eq{uj,x) = k} 

is non-empty. Then we have the following lemma from [isl . Lemma IILl.l]. 

Lemma 4.1. There exists a measurable function I : Aa^b,k x N — > (0,+oo) such that for 
each (oj, x) G Aa,b.k o,nd n,l > 1 we have 

i) \Sl^{uj,x)C\ < Z(w,x,n)e(°+-')' for all ^ £ En{uj,x); 

a) \U^^{u},x)r]\ > l{uj,x,n)~^eJ''~^^^ \ri\, for all 11 e Hniuj,x); 

Hi) -f{En+i{uj,x),Hn+i{uj,x)) > / (w, X, n) ~ ^e~^' / 

iv) l{ijj, x,n + I) < l{ijj, X, n)e^', 

where 7(-, •) again denotes the angle between two linear subspaces. 

Proof See [H, Proof of Lemma IILl.l]. □ 

Let us fix a number I' > 1 such that the set 

Kb.k.e ■■= {(^.a;) G Aa^b,k : l{uj,x,0) < I'} 

is non-empty. These sets where we have uniform bounds on the derivative by Lemma |4. II are 
often called Pesin sets. Since on these sets the function / is uniformly bounded by definition 
we can show continuity of the subspaces Eo{uj,x) and Ho{uj,x) there, which is [13, Lemma 
III.1.2]. 

Lemma 4.2. The linear subspaces Eq{lu,x) and Hq(lu,x) depend continuously on {uj,x) € 
A'' 

^^a,b,k,E- 
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Proof. Although this is (la . Lemma III. 1.2] we will say a few words concerning the topology 
on fl^ . As mentioned in Section [3. II the topology on will be the one induced by uniform 
convergence on compact sets for all derivatives up to order 2 (see [llj, Chapter 4]). Thus on 
we will use the usual topology of uniform convergence on finitely many elements. The 
space of all fc-dimensional subspaces of T'^R'* = R'^ will be equipped with the Grasmannian 
metric, by which this space is compact. 

Let (cj„, Xn) G ^ ^, be a sequence converging to {uj,x) € b k e- compactness of 
the Grassmanian there exists a subsequence of {(cj„,a;„)}„ (denoted by the same symbols) 
such that £'o(w„, Xn) converges to some linear subspace E. Clearly E is a subspace of T^^R''. 
For each ( £ E there is a sequence ^„ € Eo{LjJn,Xn) such that \( — — > 0. Because for 
n G N we have by Lemma 14.11 that 

we only need to show that the left hand side converges to |TQ(a;,x)C|. Since {CnjneN U {Q 
is a compact set in R'' and the derivatives of each component of w„ converge uniformly on 
compact sets we get for all C, £ E 

|t^(l.,x)c| <re('^+^)'|C|. 

Then Lemma HTTI implies that actually ( E E{uj, x), which completes the proof. □ 

For {uj,x) e ^abke ^^'^ u E N Lcmma [4.11 also allows us to define an inner product 
( : )(u,,x),n on Tpj^^.'R'^ such that 

for i,^' e E„{uj,x) 



1=0 



1=0 



( x)] ^ ?7, [Ul^_iiuj, x)] ^ r/^ , for ?/, r/ G H„(cj, x). 



and En{uj,x) and Hn{Ld,x) are orthogonal with respect to 
the norms 



' {cj.x),' 



Thus we can define 



liei! 



0{uj,x),n 



\\''1\\{uj,x)m (''h''l)(u,x),n 



for ^ e E„{uj, x); 
for r] e Hn{io, x); 



IICII(..,,),„ := niax{|je||(^_^) „ , ||r/|| (^^,) „} for ( ^ ^ + 7] e En{uj,x) © i/„(w,x). 

The sequence of norms {||-||(^ nl^eN is usually called Lyapunov metric at the point 
(w, a;). By the definition of the inner product and by Lemma HT^ the inner product ( , )(^^ „ 
depends continuously on {u!,x) € A^ ^ j, ^. Now we can state 13|, Lemma III.1.3]. 



Lemma 4.3. Let (w,.t) € ^abke- Then the Lyapunov metric at {ijJ,x) satisfies for each 
n e N 

z) ||^^(^,^)e||(„,,),„+i<e'^+2e||^||^^^^^^^ for^eE„iu;,x); 
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n) \\U^{uj,x)r]\\^^^^^^^^^^>e^ hi! (.^,^),n for e Hn{uj,x); 

in) \ ICI < I1CI1(^,,),„ < ^e2- Id /or ( e T/^.R'',, where A = Ml'f(\ - e-^-)"!. 

Proof. See [H, Lemma III. 1.3]. □ 

To the end of this section wc will prove the following important lemma. The proof is 
similar to the one of [ij, Lemma III. 1.4] but has to be adapted to the situation of a non- 
compact state space. We will use Lip(-) to denote the Lipschitz constant of a function with 
respect to the Euclidean norm | • | if not mentioned otherwise. 

Lemma 4.4. There exists a Borel set Fq C Vt^ x and a measurable function r : Fq — > 
(0, oo) such that x /-t(Fo) = 1, FTq C Fq and for all (w, x) G Fq 

i) the map 

^^(^,.),o = cxp-i^)^ o/o(w) o exp^ : T^H'' 9 5,(0, 1) ^ r/„(..),R^ 
where Bx{0, 1) denotes the unit ball in TxR^ around 0, satisfies 

Lip(i:).F(„,,),o) < r{uj,x), 
Lip(^F(^,.,,o(-)^(L!x),o) ^ ^i^:^)-' 

a) r{F"{uj,x)) = rir'^ujJl^x) < r{uj,x)e^"'. 
Proof. Let us define the function r' : il^ x R** by 



r'(w,a;) :=max < sup |-D?F(„,a;),o| ; sup 

l?es,(o,i) €6B=.(o,i) 



where is the second derivative operator. Then by Assumption [5] we have log(r') € 
C^l^^ X n). According to Birkhoff's ergodic theorem there exists a measurable set Fq C 
X R'' with x yu(Fo) = 1 and FFq C Fq such that for all (w, x) G Fq we have 

lim -log(r'(i^"(w,a;))) =0. 

n—>oo Ji 

Thus it follows that 

r{uj,x) sup{r'(F"(a;,a;))e-'^"} 

n>0 

is finite at each point {lj,x) G Fq and r satisfies the requirements of the lemma by the mean 
value theorem. □ 



4.2 Local Stable Manifolds 

Fix a number r' > 1 such that the Borel set 



A' 



I'.r' 
a.b,k,e 



{{uj,x) e A^'b,fe,snFo : r{uj,x) < /} 



, I'.r' 



is non-empty. For ease of notation we will abbreviate A' )> k e' 

the notion of local stable manifolds as in 13|, Section III. 3]. 



Then we can introduce 
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Definition 4.5. Let X be a metric space and let {D.j;}xt^x be a collection of subsets ofRJ^. 
We call {Dx}x&x « continuous family of embedded k-dimensional discs in R'' if there 
is a finite open cover {?7i}i=i....,; of X such that for each Ui there exists a continuous map 
e^:U,->- Emb^(S'=,R'') such that 0i{x)B'' = D^, x G Ui, where := e R''^ : |^| < 1} is 
the open unit ball in R'' and the topology on Emb"'^(i?'^, R"^) is the one induced by uniform 
convergence on compact sets. 

Then we have the main theorem of this section, which states the existence of local stable 
manifolds and its representation (see 13|, Theorem III. 3.1]). 

Theorem 4.6. For each ti € N there exists a continuous family of embedded k-dimen- 
sional discs in R*^ and there exist numbers a„,/3n and 7„ which depend 
only on a, b, k, e, /' and r' such that the following hold true for every [uj, x) G A'; 

i) There exists a C^'^ map 

: On{oJ,x) Hn{uj,x), 

where On{tLi,x) is an open subset ofEn{uj,x) which contains € En{uJ,x) : |^| < 
such that 

(a) ^(a;,2-),«(0) = 0; 

(b) Lip(/l(„^2:),n) < Pn, Lip(£'.ft,( 

(c) Wn{i^,x) = expyrej. graph(/i(„ J.) „) and Wn{i^,x) is tangent to En{ui,x) at the 
point f^x; 

a) fn{u:)Wn{uJ,x) C Wn+l{i^,x) 

Hi) d''{fl{uj)yJl{uj)z) < 7„e("+''-)'d"(2/,z) fory,z£ Wn{uJ,x), I e N, where d" {■, ■) is the 
distance along Wm{^^-, x) for m G N; 

iv) an+i = a„e"^'^,/3„+i = /3„e'^^ and 7„+i = 7„e^''. 

Proof. For the proof see [H, Theorem III. 3.1]. But let us emphasize that the following 
estimates are essential for the proof and that they are satisfied in our situation. Put 

£0 := - 6-^+2% co:=4ArV^ r^ '.^ c^^eo- 

Then one can easily check by using the results from Section HTI that for I > the map 

Fi^,x),i = exp;,i,^ o/,(^) o exp^, , : G T^^^'R" ■ < roe-^^'} ^ T^^+i^R'' 

satisfies 

^iP\\.\\{D.F(^^x),i) < coe^^' and Lip||.|| - DqF(^^^x)u) < eo, 

where Lip||.|| denotes the Lipschitz constant with respect to ||-||(;^ x) i ^-"^^ \\-\\(^^ j.) i+i- Fur- 
thermore if we define for n, I > the composition by 

= id, F^{uj,x) := o • • • o F(^^x),n 

then for (Co,?7o) e cxp~^{Wo{uj,x)) with \\{£.o,m)\\{uj.x}.o - '"o we get for every n > the 
estimate 

||Fo"(c.,x)(Co,^o)||(.,,),„ < ll(eo,r/o)|l(^,,),oe(''+^^)". 

□ 
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4.3 Global Stable Manifolds 

This section deals with the existence of global stable manifolds, which are constructed using 
local stable manifolds. Denote 

Ao:=Aonro, Aa,6,fc Aa,b,fc n Ao, (4.1) 

where Aq comes from Theorem 13 . 71 and Fq from Lemma Let {^^}mgN and {r^jmgN be 
a monotone sequence of positive numbers such that l'^ +oo and r'^ +cx) as to — >■ +cxd. 
Then we have for all to G N 

and 

Aa,6,fe = U ^^b^lTe- 

If we denote 

{[an, 6n]}rieN ■— &] : a < 6 < 0, a and b are rational} 



and let 



then we have 

' +00 d +00 



^0 = U U U <:;£fc,e„ U e Ao : A«(x) > O, l < ^ < r{x)} . 

K 71—1 k—1 m— 1 ) 

The following theorem, which is [l^, Theorem III. 3. 2], then states the existence of global 
stable manifolds. 

Theorem 4.7. Let {uj,x) e Ao\|(w,.t) e Aq : A(*)(a;) > 0, 1 < i < r(a;)| anrf Zef A(i)(a;) < 

... < A''^''(x) fee the strictly negative Lyapunov exponents at {u},x). Define W^'^{u!,x) C 
••• C W'''P{uj,x) by 

W'''iLU,x) (yen'': limsup ^ log |/> - < X'^'H^)] 

/or 1 < i < p. Then W'^'^{uj,x) is the image of V^^^ under an injective immersion of class 
C^'^ and is tangent to V^^J^^:) ^- addition, if y e W^''^{uj,x) then 

limsup - log < A« (x) 

n— ^oo ^ 

where , ) denotes the distance along the submanifold fl^W^'^{uj,x). 

Proof See [H, Theorem III.3.2]. □ 
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Definition 4.8. For {lo^x) G x R° the global stable manifold W'^{uj,x) is defined by 



W'iuj, x) ■.^{yen": limsup - log l/^'x - f^^yl < 

n— »cxD Tl 



Let A' = A^ ^ ^ be as considered before Theorem 



For G A' let X^^^{x) < 

■ ■ ■ < A*^*^ (x) be the Lyapunov exponents smaller than a. Then one can see that 

W'^'icj, x) = \yeR^: limsup 1 log \f:^x ~ Zy\ < a 

Thus if {uj,x) G Ao\|(a;,.T) G Aq : A^'^^) > 0, 1 < i < r(a:)| and X'^^^x) < ■ ■ ■ < X^P'>ix) are 
the strictly negative Lyapunov exponents at (w, a;) then we get 

W'{u;,x) = W'^P{u;,x) 

and hence is the image of V^^"^^-^ under an injcctive immersion of class C^'^ and is 



(v) 

tangent to ^• 



4.4 Another Estimate on the Derivative 

For the proof of the absolute continuity theorem (see Q), which will be stated in the next 
section, we need the following estimate on the derivative. 

Lemma 4.9. There exists a set Fi C fl^ x R'*, with FTi C Fi and x /i(Fi) = 1 such 
that for every S G (0, 1), there exists a positive measurable function Cg defined on Fi such 
that for every {uj, x) G Fi and n > one has 



DoF, 



{lj.x) .' 



< Cs{uj, x)e' 



Sn 



Proof. By Assumption |3] we have log 



G C (i' X fi) and hence we get by 



Birkhoff's ergodic theorem the existence of a measurable set Fi C fl'^ x R"*, which sat- 
isfies FFi C Fi and x ^(Fi) = 1 such that for aU {lj,x) G Fi 



-log 

n 



F>oFr^ , 



= - log 



F"'{lu,x).0 



0. 



Thus for all (5 G (0,1) we find a measurable function Cs such that for all n > and 
{oj, a-) G r^'^ X R'' 



Sn 



□ 



Let us fix some C" > 1 such that the set 
is non-empty and let us abbreviate in the following 



{u;,x)<C'] 



A := A 



a.b,k,e ' 



The parameters for the definition of A will be fixed from now on. 
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5 Absolute Continuity Theorem 

In this section we will state the absolute continuity theorem. To do so we will need some 
preparation. 

Let us choose a sequence of approximating compact sets {A'}/ with A' C A and A' C 
A'+^ such that i'^ x fj. (A\A') ^ for / — > oo and let us fix arbitrarily such a set A'. For 
(lu, G a and r > define 

Ua.. {x,r) := exp, ({c € T.R'^ : |lCI|(„,,),o < r]) 

and for {uj,x) G A' let 

FAi((w,x),r) [{u:',x') € A' : diio,io') < r, x' e Ua^u. (x,r)} , 

where the distance d in il^ is as before the one induced by uniform convergence on com- 
pact sets for all derivatives up to order 2. Let us denote the collection of local stable 
manifolds {Wo(w, a;)}(^ j,)^^! which was constructed in Theorem 14.61 in the following by 
{W^/oc(w, a;)}(^ 2,)gA! . Since by Theorem 14.61 this is a continuous family of embedded 
fc-dimcnsional discs and A' is compact there exists uniformly on A' a number S^i > such 
that for any < g < 6a' and (uj', x') £ Va' ((w, x),q/2) the local stable manifold Wioc{i^' ,x') 
can be represented in local coordinates with respect to {uj,x), i.e. there exists a map 

</) : e Eoiw,x) : ||eil(„,,),o < ^ ^^0(^,2;) 

with 

exp~^ (Wioc{i^',x') n Ua,u {x,q)^ = graph(0). 

By choosing even smaller we can ensure, that for all < g < 6 Ah G A' and 

iu;\x')eVAiiiL0,x),q/2) 

sup{||i?5<^||(„_,)^o:ee^o(w,a:),|l^||(„,,)^o<9} < ^■ 

Let us fix until the end of the section {uj,x) G A' and < q < Sa'- Then we denote by 
Ajj := {x G R'' : {uj,x) G A'} the w-section of A' and by J-^Al{x,q) the collection of local 
stable submanifolds Wioc{uj, y) passing through y G A[, n Ua,ui {x, q/2) and set 

Kl{x,q):^ U Wzoc(w,y)ni/A,^(.T,(?). 

yeAlr\Ui^,^{x,q/2) 

Let us introduce the notion of transversal manifolds to the collection of local stable 
manifolds Fa^^ {x, q). 

Definition 5.1. A submanifold W o/R'' is called transversal to the family J-a' {x, q) if the 
following hold true 

i) W C Ua,uj ix,q) and exp~^ W is the graph of a map 

^ : I?; G Hoiuj,x) : \\v\\ (^^ .0 < q\ ^ Eq(uj,x); 
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ii) W intersects any WiociuJ,y), y € n Ua,uj {x,q/2), at exactly one point and this 
intersection is transversal, i.e. T^W © TzWioc{uj, y) = R'* where z = W D Wzoc(w, y). 

For a submanifold W of R'* transversal to T^i {x, q) let 

\\W\\ := sup ||^/'(??)ll(„,,),o + sup II A,V'||(^.,).o 
n ■'? 

where the supremum is taken over {rj G Hq{uj,x) : \\r]\\(^^^^Q < q} and ip is the map 
representing W as in Definition 15.11 

Consider two submanifolds and transversal to {x,q). By the choice of 

S^i each local stable manifold passing through y e n Ua.u {x,q/2) can be represented 
via some function (/), whose norm of the derivative with respect to the Lyapunov metric is 
bounded by 1/3. Thus the following map, which is usually called Poincare map or holonomy 
map, is well defined. Define 

Pw\w^■■W^c^Kl{x,q)^w^c^Kl{x,q) 

by 

for each y £ Aj^ n J7a,w [xTq/l). Since the collection of local stable manifolds is by Theo- 
rem |4]6] a continuous family of embedded fc-dimensional discs Pw^,W^ is a homeomor- 
phism. Denoting the Lebesgue measures on by for i = 1, 2. we can define absolute 
continuity of the family J-^i {x, q). 

Definition 5.2. The family i^j q) ^■s sairf to be absolutely continuous if there exists 
a number e^i {x, q) > Q such that for any two submanifolds and transversal to 
J- A' {x,q) and satisfying < £a' {^iQ)! i — the Poincare map Pw^,w^ constructed 

as above is absolutely continuous with respect to A^yi and j -^Wi ~ ° Pw^,W^- 

Then we have the following main theorem, often called absolute continuity theorem, 
which is proved for this case in Q. Let us denote the Lebesgue measure on R"* by A. 

Theorem 5.3. Let A' be given as above. There exist numbers < q^i < S^,' /2 and e^' > 
such that for every (w, x) £ A' and < q < q^i : 

i) The family {x,q) is absolutely continuous. 

ii) If A(Ajj) > and x is a density point of A^ with respect to A, then for every two 
submanifolds and transversal to J-^i ix,qAi) and satisfying < Ea'; * = 

1,2, any Poincare map Pw^,w^ absolutely continuous and the Jacobian J{Py^n y^r2) 
satisfies the inequality 

\ < J{PwKw^){y) < 2 

for Xy/i -almost all y G O A[j(a:;, ^aO- 
Proof See 0. □ 
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6 Absolute Continuity of Conditional Measures 



In this section we will state the main conclusion of the absolute continuity theorem namely 
Theorem 16.21 which roughly speaking says that the conditional measure with respect to the 
family of local stable manifolds of the volume on the state space is absolutely continuous 
(in fact, even equivalent) to the induced volume on the local stable manifolds. 
Let us start with the following proposition, which is [isl . Proposition 6.1]. 

Proposition 6.1. Let {XjB^v) he a Lehesgue space and let a be a measurable partition of 
X. If v is another probability measure on B which is absolutely continuous with respect to 
V, then for v-almost all x ^ X the conditional measure Va{x) absolutely continuous with 
respect to i'a(x) o.nd 

d^'a(a;) _ g\a(x) 
^•^o^i^) L{x) 9<i'^aix) 

where g = dP/dv. 

Proof. See [I^, Proposition 6.1]. □ 

Let A' be a compact set as in the previous Section. Without loss of generality we can 
and will assume that q^i = e^i. Let us fix a point {uj,x) £ A' until the end of this section 
such that X{A[j) > and a; is a density point of A[j with respect to A. Let us introduce the 
following abbreviations 

■= {'? e Hq{uj,x) : hll(a,,^),o <<1A'] ■ 

We will denote by /? the measurable partition |exp^ {{£,} x | . of [/ and by a the 
partition of A' (x, q^i ) into local stable manifolds, i.e. \ Wioc{i-^, y) (^U > 

I J yeAlnij&,^[x,q'^/2) 

Since {Wzoc(w, is a continuous family of fc-dimensional embedded discs a is a 

measurable partition of A[j(x,(7a')- Further we define the sets 

I:=l3{x)nAl{x,q^:) 

and for iV C / 

[TV] U a{z). 

zeN 

Since q/^i is chosen such that each local stable manifold Wioc{(^, y) for y G A^nC/A.^^i {x, q]^/2) 
can be expressed as a function on Eo{u!,x) we have [/] = A[j{x,q^i). Because a; is a den- 
sity point of with respect to A we have A(Aj^ H Ua.uj{x, qA' /2)) > which implies that 

X{Al{x,q^O)^Xm>0. 

The restriction of (3 to [I] will be denoted by /3/. Finally let us denote by A'''^ the nor- 
malized Lebesgue measure on a Borel set X of R"^ with \{X) > and by A^ the normalized 
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Lebesgue measure on /3(y) for y (z U induced by Euclidean structure. By Fubini's theorem 
we have 

0<A^ ([/])=/ Af([/]n/3(z))dA^(;^)= / Af(/3,(z))dA^(z). (6.1) 
J [I] J [I] 

Because the submanifolds {/3(z)}^g^ are transversal the absolute continuity theorem (The- 
orem [5T31 implies that under the Poincare map Pi3(z),p{y) the measures Af and A^ are 
absolutely continuous for all z S [/]. Thus ^y{Pi{y)) > if and only if Af (/3/(2;)) > for 
all y,z e [/] hence (|6.ip finally implies ^y{Pi{y)) > for all ?/ G [/]. Hence we can define 
the measure X(^' := Af /Af (/3/(z)) for z S [/]. By A" we will denote the normalized Lebesgue 
measure on a{z), z G [/] induced by the Euclidean structure. 

Theorem 6.2. Let {uj,x) G A'. Denote by |a|^|^j| the canonical system of conditional 

measures of X^^^ associated with the measurable partition a. Then for X-almost every z G [/] 
the measure a|^|^^ is equivalent to A", moreover, we have 

RA<^ — , ^ ^ < Ra' 
A' - dAj - 

X" -almost everywhere on a{z), where > is a number depending only on the set A' but 
not on the individual {uj,x) G A'. 



Proof. The proof can be found in 13|, Theorem III. 6.1]. Since for fixed {ll!,x) G A' this is a 
local property, the the proof remains true in our situation. Let us remark that an essential 
part of the proof is the absolute continuity theorem (Theorem 15. 3p . □ 



7 Construction of the Partition 

Recall that Aq C il^ x R'' is the i^-invariant set of full measure defined in (|4.ip then let us 
define 

Ai :={(c^,.t)g Ao:A(i)(x) <0} 
and state two following definitions. 

Definition 7.1. A measurable partition 77 of fi^ x R'' is said to be subordinate to W^- 
submanifolds of X^{'R.'^,i', fi), if for x /i-a.e. {u!,x), r]^{x) := {y : {uj,y) G t](u!,x)} C 
W'^{uj,x) and it contains an open neighborhood of x in W'^{ijJ,x), this neighborhood being 
taken in the submanifold topology ofW^{uj,x). 

Definition 7.2. We say that the Borel probability measure jjL has absolutely continuous 
conditional measures on -manifolds 0/ A'+(R'^, i/, /x), if for any measurable partition rj 
subordinate to -manifolds of X^{Il'^, iy,fi) one has for i^^-a.e. uj G 

l4" <^(c..x): a.e. x&H'' 

where {M^'^lieR'' (essentially unique) canonical system of conditional measures of fi 

associated with the partition {f]Lj{x)}xeR<' of TV^ , and A^^ is the Lebesgue measure on 
W^^(a;,x) induced by Euclidean structure as a submanifold of IV^ , where A^^ ^-j — 6x if 
{uj,x) ^ Ai. 



20 



Now we are able to state the main proposition, which yields a measurable partition 77 
with certain properties by which we are able to show the estimate of the entropy from below 
as presented in the next section. 

Proposition 7.3. Let X^{'Rf'',i', fi) be given. Then there exists a measurable partition rj of 
X R'' which has the following properties: 

i) F~^7] < ?7 and {uj} x R'^ < rj; 

a) rj is subordinate to -manifolds of X'^(R'^,iy, 11); 
Hi) for every Borel set B € B[n^ x R'^) the function 

is measurable and ly^ x /x almost everywhere finite, where :— {y : {oj, y) G B} is 
the u)-section of B; 

iv) if fj, X, then for x ji-a.e. {uj,x) 

From Section 14.11 we know that there exist countably many compact sets {A.^ : C 
AijigN such that /i(Ai\lJ^ A,;) = and each set A.^ is a set of type A' as considered 

in Section [5] and [5] but with Eo{lu,x) = [J\U) (x)<a^{ux) ^^'^^ G A.^, i.e. 6 = 0. 

For Ai S {Ai : i G N} we will use the constants as in the previous sections, i.e. set k\. := 
dim Eq (w, x) for {uj,x) G Ai and in the same way A/^. , , ^a^ and so on. As in the previous 
sections we will denote the continuous family of embedded fcA^ -dimensional discs (the 
local stable manifolds) given by Theorem l4.6l corresponding to n = by {Wf^^{uj, x)}^^ 2-)eA ■ 

By Theorem 14.61 there exist Ai > and 7^ > such that for every {uj,x) G Ai, if 
y,z G Wl'g^{u,x) then for alH > we have 

d'ifLy,fLz)<j,e-^''d^{y,z). (7.1) 

For {uj,x) G Ai and r > let us denote 

Ba.{{uj, x), r) := {(w', a;') G Ai : d{uj,uj') <r,\x- x'\ < r} , 

where as before d denotes the metric on fl^ as introduced in Section [33] and, to repeat, for 
X G R'^ and {oj, x) G Ai respectively 

B{x, r) := {y G Yi!^ : \x - y\ < r} 
UK^A^,r) := cxp,{C G T.R"^ : |lC||(^,,),o < r). 

Then we have the following corollary, which is an immediate consequence of Lcmma l4.3l and 
Theorem SH 

Corollary 7.4. There exist numbers ri > 0, Ri > and < Si < 1 such that the following 
hold true: 

i) Let {ijj,x) G Ai. Lf{uj',x') G B\.{{uj,x),ri) then 

B{x,ri) C UA^^^>{x',qAj2). 
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ii) For any r S [ri/2,ri] and each {uj,x) G A^, if {uj\x') S Ba^ ((w, x), e^r) then the local 
stable manifold Wf'^^iuj' ,x') D B{x, r) is connected and the map 

{uj',x')>^WU^',x')nB{x,r) 

is continuous from B\.{{uj,x)^eir) to the space of subsets of B(x,r) (endowed with the 
Hausdorff topology). 

Hi) Let r ^ [ri/2,ri] and (w,a;) € A;. If {uj' , x'), (lo' , x") G B/^.((u),x),Sir) then either 

WiUu;', x') n Bix, r) = W^^' , x") n B{x, r) 

or the two terms in the above equation are disjoint. In the latter case, if it is assumed 
moreover that x" € W''{uj' ,x'), then 

d'[y,z) > 2r, 

for any y G W{^^{uj' , x') H B{x, r) and z e W'^^J^u' , x") n B{x, r). 

iv) For each {uj,x) e Aj, if{uj',x') g Ba. ((w, a;), r^) and y G Wi^^^{oj' ,x') Ci B{x,ri), then 
Wig^{uj' , x') contains the close ball of center y and d" radius Ri in W'^{uj' ,x'). 

Proof. Property i) is an immediate consequence of Lemma 14.31 Where as properties ii) - 
iv) follows directly from Theorem 14.61 and the choice of q^. in Section [5] □ 

For the proof of Proposition 17.31 we need some characterization of the F-invariant sets 
in terms of stable manifolds. Let us define 

6" := i S e X R'') : B = |J {uj}xW'{u:,x) 

y {uj.x)eB 

where B^-N.^^{ri^ x R'') is the completion of B{^1^ x R'') with respect to i'^ x fi. Further 
denote the cr-algebra of i^-invariant sets by 

B' {A e B^^^^in^ X R'') : F'^A = A} . 

Then we have the following lemma, which is [13, Lemma IV. 2. 2] and states that every 
i^-invariant set is basically a union of global stable manifolds. 

Lemma 7.5. We have B^ C S^, i'^ x fi-mod 0. 



Proof. The proof of 13|, Lemma IIL2.2] is adapted to the case of R'^, but follows along the 
same line. Put x ^^(R'^) := {n^ x B : B G S^(R'^)} where S^CR"*) is the completion 
of i3(R'^) with respect to fi. Since the infinitely often differentiable functions with compact 
support on R'* are dense in _L^(R'^, S(R^), /i) and build a separable space there exists a 
countable set 

F :— {gi : the map gi : x R^ — > R is continuous with compact support and 

gi{(jj,x) depends only on a; for each (a;,x) £ x R"^,? e N}, 

which is dense in L'^{Vl^ x R'^, fj'^ x S^(R''),i''^ x ^). By Birkhoff's ergodic theorem for 
each gi G F there exists a set Ag. G B^ with x i-i{Ag.) = 1 such that for all {uj,x) E Kg. 
we have 



^ n— 1 

lim -Y g,oF''{uj,x)='&[g,W] {uj,x). 



n 

k=0 
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Denote Ajr := p| . Ag. . For two points (uj , y) , {uj , z) G Ajr belonging to the same sta- 
ble manifold, i.e. there exists {uj,x) such that {uj , y) , {lj , z) e {uj} x ^{uJjx), we have 
lim„_,.oo |/"y — f^z\ = 0. Thus for any e > and any gi £ T there exists some compact set 
C C R'' and 5 > such that 5i|p<: =0 and |z — yl < ^ implies \gi{z) — gi(i))\ < e. Hence 
there exists iV G N such that we have 



mg^\B'] iuj,y)--E[g.,\B'] {lj,z)\ = lim 



n-1 



1 

-Y,{g,{F'{uj,y))~g,{F'{uj,z))) 

k=0 



1 n^N 
n— ^cxD n ^ — ' ' ' 71— >-oo TL 



n 

k=0 



Since e > can be chosen arbitrarily small we have E[(7i|i3-^] {uj,y) — 'E[gi\B^] {uj,z) for 
{uj, y) and (w, z) on the same stable manifold. Hence for alH € N the conditional expectation 
E[5i|S^]|^ restricted to Ajr is measurable with respect to S*|a^, which implies 

{E[g,|6^]|^^ : g, e C L\kr,B'\K^,v^ x /i). (7.2) 

Since the functions that are invariant with respect to F do not depend on w (see [isl . 
Corollary 1. 1.1]) we have 

Since is a dense subset of the right-hand space and the conditional expectation can be 
seen as an orthogonal projection we have that {E[(7j;|;S^] : gi € J^} is dense in L^{V,^ x 
R'^,B',h'^ X n). Then from it follows that 

l2(A^,S^|a^,i.n X ;,) c l2(A^,S^|a^,z.n X /x), 

which implies since ly^ x fi{Ajr) = 1 the desired, i.e. 

6^ C X ^-mod 0. 

□ 



Let us now state the a sketch of the proof of Proposition 17.31 which is ISj, Proposition 
IV. 2.1], in particular the construction of the partition rj. 



Proof of Proposition \ 7. 3\ Step 1. Let A^ e {Ai,i€N} be arbitrarily fixed and choose 
the constants ei,ri and Ri according to Corollarv 17.41 Since A; is compact, the open 
cover {i?Ai ((w, x), £iri/2)}^^ ^.jg^ has a finite subcover Ut^i of A^. Let us fix arbitrarily 
Bf^.{{ujQ,xo),eiri/2) e U/^^. For each r £ [ri/2,ri] we define 

Sr:= U {{uj}x[WU^,x)nB{xo,r)]}. 

(u) .x)eBA^((t^O:Xo) -.eir) 

Denote by the partition of x R^' into all sets {uj} x \W[^^{uj,x) n B{xQ,r)], (a;,x) S 
Bf^.{{ujQ^X[))^£ir) and the set x R''\5'r. By ii) and Hi) of Corollarv 1 7 . 41 one sees that 



23 



is a partition and by the continuity property of the local stable manifolds that it is even a 
measurable partition. Now put 

rj^:^ (y F^"^r \ V {{uj} x K'^ : uj e n^} . 

\n=Q J 

One can see ([l^, Proof of IV. 2.1]) that for almost every r € [ri/2,ri\ the partition rj^ has 
the following properties: 

(1) F-'^T]r < rir and {{uj} x R'' : uj e Q^} < rir] 

(2) Put Sr = [jt=oF'"^r- Then for x ^-a.e. {uj,y) G 5"^ wc have M^iv) := {z : 
(a;, z) e rir{uj, y)} C W^{uj, y) and it contains an open neighborhood of y in W^{uj^ y); 

(3) For any B e B{n^ x R'') the function 

PB{uj,y) = xi^y^{{vrUy)riB^) 

is measurable and finite x fi-a..e. on Sr', 

(4) Define ijr = '7r|^ and for uj G il^ let {fJ'{fir)u,{y)}yi£{s ) ^ canonical system of 
conditional measures of fi\^^ ^ associated with the partition {fjr)^!- If /-t <C A then for 
v^-Si.e. UJ e Vt^ it holds that 

l^{nr)^{v) < ^{uj,y) A'-a-e- y € (S'^)c^. 

Let us remark that for the proof of property (4) Theorem 16.21 is the essential part. 

Step 2. Let us notice that Step 1 works for any A' and any set in U/^i . So let us denote 
Uia^A' ~ {Ui,U2,U3, . . .} and for each [/„ we will denote the partition rjr satisfying 
(l)-(4) from Step 1 by rjn and the associated set Sr by Sn- Define for each n > the set 
In ri/t.T Then we have 

/„ = n u 

1=1 k>l 

and thus clearly F~^In = In- The Poincare recurrence theorem implies x ^(Ai \ 
{Jn=i In) = 0. Because of Lemma [7.51 we can and will assume that J„ £ If this is 
not the case we would proceed with G such that F~^I^ = I'^ and x ^(/„A/,'J ~ 0. 
So let us now define ?}„ := r]n\i^- Since /„ £ we have 

In^ U {UJ'}XW'{UJ',X'). 

and thus 

Vn = {'M(w,a;)n/„}(^^^)gj^^ = {r]n{uj,x)n{uj} X W'{uj,x)}^^^^^^j^^ , (7.3) 

which implies that f}„ preserves the structure of 77„ as constructed in Step 1. So let us define 
finally the partition 77 of x R** by 

{fli{uj,x), if {uj,x) e Ji 
77„(a;, x), if (w, a;) € /n\Ufe=i h 
{(w,x)}, if (a;,x)Gf2NxR^\U:ri^ 
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Because by (|7.3p we have for {uj,x) G ^n\Ufc=i for some n > 1 that ri{uj,x) = rin{u!,x) 
and thus clearly satisfies property (1) and properties (2)-(4) on /„ instead of Sr- Since 
i/^ X M(Ai\lJnri -^n) = and for {oj,x) ^ Ai wc defined W^{uj,x) ~ {x} and A^^ — 
the properties of Proposition 17.31 arc satisfied x /i-almost everywhere, which completes 
the proof. □ 



By Property iii) of Proposition [73] we can define as in [13|, Section IV. 2] a Borcl measure 
A* on X R'' by 

X*{K) := J Xl^.^){^U^)nK^)d,y'' X ^i{iu,x) 

for any K £ B{il,^ x R''). One can easily see that A* is a tr-finite measure. By definition of 
the canonical system of conditional measures we have 

X ^i{K) = / /i^'^ ivujix) n K^) dv^ X n{uj, x) 



for each K S B{rt^ x R'^). Since by Property iv) of Propostion 17.31 for i'^ x /i-almost every 
(w, a:) € X R'' we have ^^"^ <C A^^^ we get 

i/"^ X /i < A*. 

So let us define 

dv^ X fj, 

Then we have the following proposition, which is [13, Proposition IV. 2. 2]. 
Proposition 7.6. For x ^-almost every {uj,x), we have 

„_ d/i2" 



(7.4) 



Proof. This is [H, Proposition IIL2.2]. □ 



8 Proof of Theorem [3l8 

In this section we will state the proof of Pesin's formula for random dynamical systems on 
R'' which have an invariant probability measure and satisfies the assumptions from Section 

8.1 Estimation of the Entropy from Below 

First we will state the proof of the estimation of the entropy from below, i.e. the following the 
result, which is basically taken from [l^, Section IV. 3] and bases on the partition constructed 
in the previous section. 
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Theorem 8.1. Let X^IV^jV, ^) be a random dynamical system that satisfies Assumptions 
[T] - // the invariant measure ^ is absolutely continuous with respect to Lebesgue measure 
on R'* then we have 



Proof. Assuming for the moment that 

H,^^^{Tj\F-"Tjyao)<+(x (8.1) 



then one can show (see 13|, Proof of Theorem IV. 1.1]) that by Theorems 13.41 and 13.61 

hm -H,.^^{7j\F-^^ya,) < F^. (77+|G-\+ V a) = /i^. (G, 77+) 

n— )-oo n 

< sup /i^. (G, = h;, (G) ^ h^iXiR", i., m)), 

where G was defined in Section [3. 11 tro and a were defined in Section [3. 21 fi* is the measure 
defined by Proposition 13.51 and 77+ := P~^r] with the projection P as defined in Section [3?^ 
Thus it suffices to show that (18.11) is true and that for all 71 > 1 



^i?.-XM('?l"7Vao) > / Y,\^■'^{x)+m,{x)d^x. (8.2) 

By (|2.ip and the properties of the partition 77 we get 

H,^^^X^\F--V V <To) = - / log (u^ X AifJ""^'^"(7?(c.,:.))) dv^ X /.(w,x) 

log (Mi-^-'"''-"-(77„(x))) d/.(x)di.(c^). (8.3) 



Let {/jljgN be the sets from the proof of Proposition [731 of the construction of the partition 
rj and define / := Ujgn^j ^"^^ ^0 ^ R''\/. Since each Ij is _F-invariant wc have 

F^^I = / and F^^Iq = Iq. Thus ?/ and F^'^ij V ctq arc refinements of the partition {/, /q} 
and their restriction to Iq is the partition into single points which implies for each (uj, x) e Iq 



log(MF^"''^""(r/.(x))) =0. 



By definition of Ai the Lyapunov exponents are all non- negative on {fi^ x R'')\Ai, i.e. 
A(^'(a;) > on {n^ x R'')\Ai. Thus we get from [H, Proposition 1.3.3] 



< / ^ A«(x)+m,;(x)d7.^ X = /" ^AW(x)77i,(.T)d7.N X < 0, 

Jlo J -^^0 i 

which implies 



/ J2\^'\x)+m,{x)diy' 



So in the following let us assume without loss of generality that x /i(/) = 1. 
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Because oi fi X and the invariance of ^ we get that there exists a Borel subset F' C 
with i^^{r') = 1 such that for any u eV 

where ^ o f^{E) := ^(/"(i?)) for any Borel set E C R"^. Denoting by cj) := d^t/dA the 
Radon-Nikodym derivative it is easy to check that for any w G F' 

dfi <j>{z) 



W = 777;rTldeti?./:r'=: <J>„(a;,z) 



Then Proposition 16.11 imphes that 

for /i-a.e. x € R*^. For x /i-a.e. (w,?/) £ il^ x R^ let us define 



Xn{ui,x) 

Y„{uj,x) 



\det{Dyf^\E„{u.^z))\ 
\dct{DyfS)\ 



Z„(w,x):= / $„(c.,z)d(Aio/:j)(^-")"'''-"-, 

where g is the function defined before Proposition 17.61 Then one can show (see 13|, Claim 
IV. 3.1]) using change of variables formula twice and the absolute continuity of <C A and 
/i^'^ ^ A^j^ for X ^-a.e. (u, x) that almost everywhere on ft^ x R*^ we have 

M^„(.,.) = ^Ii%^l^^^. (8.4) 

Z„(w, a;) 

Because of 

|det(i^,/:))| < \D,f:f 

Assumption [1] implies for each n> 1 that log^ \det{Dxf^)\ & C^{h'^ x ^) and analogously 
that log+ |det(i?,/:;| 

-Eo('.^,2:))| G C^ii^^ X /i). Thus by the multiplicative ergodic theorem we 

have for n > 1 
and 

i J log|det(A./:U„K.))|di^^ x/. = J ^AW(a;)-m,(a;)d//(x), (8.6) 
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where both sides of the two equations might be —oo. By the muhiphcity of the determinante 
Assumption m imphcs that log |det(_D2:/")l G C^{i^^ x /i) for n > 1 and thus by (|8.5p that 

^A«(x)m,(x) e/:i(R^M). 

i 

This yields by (j8.6|) that \og\det{Docf^\Eo(uj.x))\ G C^ii'^ x which finally implies the 
intcgrability of logFn, i.e. logFn € C^{iy^ x /i) and 

y iogr„diy'^ ^ '^"Z l]-^^'^^^)'^'"'^^)'^''- 



Further from [jj, Claim IV.3.3 and IV.3.4] we get that logX„ G C^iv^ x ^) and logZ„ G 
£i(z/'^ X At) with 



1 

and 



- / logXndz^"^ X ^ = 

n 



logZ„di/N X /i > 0. (8.9) 



1 

n 

Combining now (|5T7)) . ((5^ and ((5^ via ([H31) and finishes the proof. □ 



8.2 Estimate of the Entropy from Above 

A nice an short proof of the reverse inequality was given in Q for random dynamical systems 
on a compact Riemannian manifold. This proof was extended in [lit to isotropic Ornstein- 
Uhlenbeck fiows, which can be seen as some special random dynamical system on R**. This 
proof can be extended to our more general situation assuming Assumption [S] Precisely we 
have the following theorem. 

Theorem 8.2. Let X{Il'^,i', ^) be a random dynamical system that satisfies Assumption\^ 
and\^ then we have 



Proof. Let us remark that for isotropic Ornstein-Uhlenbcck fiows the distribution of the 
derivative is translation invariant. Thus for fc G N. cj G fi^ and y G R'^ the random variable 

Lfc(n,cj,y):= sup \DJ^\, 

is independent of y and hence 

/ \og+{L,{n,cj,y))d:.^{uj) (8.10) 
Jon 

is uniformly bounded in y G R^. Since we clearly do not have the translation invariance for 
any random dynamical system we need to have a closer look at the two estimates in [Toj 
where (|8.10|) is used. In particular we need to bound 

lim m(Cx.) / \og^{Lk{n,uj,Xi))di'^{uj) 
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for the estimate on term // and show that 



■rn p 



k 

i=l 



kin,LJ,x,))diy^{Lj)^0 (8.11) 



for the estimate on term ///, where for each fc, Z € N the family of sets {S,xi}i=i,...,m is a 
partition of B{0, 1) and {£,xi}i>m+i a partition of R'^'\i?(0, /) with C B{xi, 1/fc) for every 
i G N. The sets ^1^,1 are certain subsets of fi^ such that for each fixed Z e N we have 
ilk.i for fc — !• OD. For details concerning the definition of {C^ijieN and flk,i see [l^. 

Then for any i g N and x € we have 

B (xi, t) C B (x, Y 



k V ' fc 



Thus we get by monotonicity of log 

+ CXD 

.m 



+00 . 

lim pL{^xi) I log^{Lk{n,uj,Xi))dv^{uj) 



H-oo 



< lim > / / log+(Lfc/2(n,w,a;))di^ (w)d^(x) 

< I I log+(Li(n,c^,x))dz.N(c^)d/i(x) 

- / / sup iog+(|i?,/:'i)dj.N(^)d;,(x), 

which is finite because of Assumption [S] On the other hand we have analogously 



m „ 

V//(C.J / log+(Lfc(n,w,.T,))di/^(c.) 

< [ [ sup log+(|i?./:|)di.N(c.)dAi(x). 

Jb(o.i) Jfi^\n,. , zeB(x.i) 



'5(0,0 zeB{x,l) 

Because of Assumption [S] and fl^.i this last expression converges to for fc — > 00 by 

dominated convergence. By this the proof of Theorem 18.21 follows strictly along the proof in 
0. □ 

9 Application to Stochastic Flows 

In this section wc will show that a broad class of stochastic flows which are generated 
by stochastic differential equations driven by continuous semimartingale noise can be seen 
as a random dynamical system in the sense of Section 13.11 Assuming that the generated 
dynamical system has an invariant probability measure that satisfies a mild integrability 
assumptions, we will show that the assumptions of Section TS.ll are satisfied and hence Pesin's 
formula holds. 
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9.1 Definition of Stochastic Flows 

For a short introduction to stochastic flows we wih fohow Section 2]. Let {F{x, i)}t>o be a 
family of R''-valued continuous semimartingales indexed by x € R'^ on a filtered probability 
space (H,^, (J't)t>o,P). Let F{x,t) = M{x,t) + V{x,t) be the canonical decomposition of 
the semimartingale into a local martingale M and a process V of locally bounded variation. 
We will assume in the following that both M and V are jointly continuous in {x,t) and 
furthermore that there exists a : R'' x R'' x [0, +oo) x fj ^ j^dxd b ■.W'^x [0, +oo) xCl ^ 
R'' such that 

{Mi{x,-),Mj{y,-))t = / aij{x,y,u)du, Vi{x,t) = / b.i{x,u)du, 
Jo Jo 

where {•,-)t denotes the quadratic variation process at time t. The functions a and b are 
called the local characteristics of F. 

For a multi index a = (ai, . . . , ad) with ai £ Nq, i = 1, . . . ,d we write |a| := J2i=i I'^il- 
We will say that F has local characteristics of class B™^ for m G Nq, < 6 < 1 (or 
just F G B'^f^^) if 6 e C" and all derivatives of a up to order m with respect to x and y 
(simultaneously) are continuous and for all T > 

ess sup sup (||a(t)C+i + ||6(t)IL+5) < +00, 
aen o<t<T 



where 



\a{x,y,t)\ 



+ Y. l|Dr-D?a(,,t)t, 

I Q I — m 



with 



,,|~ _ \fix,y)~fix\y)-fix,y') + fix',y')\ 

x^x',y^y' \x-x'\ \y-y'\ 



and 



sup J-A^ + 



^ |J"&(x,t)-i^"6(y,t)| 

where Dj denotes the derivative operator with respect to the j^^ spatial variable and D Di 
if there is only one spatial variable. If we consider the stochastic differential equation 

dX{t) ^ F{X{t),dt) (9.1) 
on R"* where F e B^^*^ with k > 1 and < (5 < 1 is a spatial semimartingale as above then by 



111 . Theorem 4.6.5] there exists a stochastic flow of diffcomorphisms associated with (|9.ip . 
That is a map (p : [0, +oo) x [0, +oo) x R'' x Cl ^ R'^ such that 
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i) (ps.t{x, ■), t > s solves (|9.ip with initial condition X{s) — x ioT s > 0, x £ IV^; 

ii) Lps,t{',i^) is a C'^-diffeomorphism for each s,t > 0, ui E ft; 

iii) (ps,t{-,^) = fi^li',^) for each s,t > 0, w S f2; 

iv) = v3t^„(-,(:;) o V3s_t(-,w) for each s, t, u > 0, w e f^; 

v) (s,t) I— > (^s^t(-,<D) is continuous from [0, +oo)^ to the (group of) diffcomorphisms on 
If F € B^^ for some fc > 1 and < 5 < 1 and the correction term 

c{x,t) 2^77— (a;,y,0 

j=i "-^^ y=x 

also belongs to B^^ then the generating semimartingalc field of the backward flow {tpt,s '■ 
< s < t < 00} is also an element of B^'^ (see III Section 4.1]). 



9.2 Stochastic Flows as Random Dynamical Systems 

Under quite general assumptions this was done in 0] and for our purpose in 0, page 31]. 

To construct a random dynamical system in the sense of Section 13.11 we need to assume 
that the semimartingale F has stationary and independent increments, i.e. for all < 
s < t the C(R'^, R'^)-valued random variables F{-,t) — F{-,s) and F{-,t — s) have the 
same distribution and for all n > and < ti < t2 < ■ ■ ■ < tn the random variables 
F{-, <i), F{-, 12) — F{-,ti), . . . , F{-, tn) — F{-, tn-i) are independent. Since the flow 95 satisfies 
(j9.ip stationarity and independence is directly transferred to ip. Then we can construct a 
random dynamical system from a stochastic flow as follows: As in the proof of 0, Proposition 
2.2.1] we can construct the flow (p on its canonical pathspace (51, P), where 

n Co (R, C (R'^, R'^) ):=={/: R ^ C (R'', R'^) : / is continuous and /(O) = O} 

equipped with the topology of uniform convergence on compacts and 

T := B {Co (R,C (R'^,R''))) 

the Borel cr-algebra on fl. The measure P on {^,J^) is then defined by P(a)(0) = id^d) = 1 
and its increments, i.e. for all ?i > 0, < ti < i2 < • • • < tn and all B e B (C (R'', R''))®" 
set 

P((c^(ti),c:>(t2)oc^(ti)-\...,w(t„)oc:;(i„_i)-l) G B) 

If we now discretize the flow uniformly with step size 1 then we can define by the stationarity 
and independence of the flow the measure 

V ■.= 'Po Lp-\ 

on (fl, B{^)) (in the sense of Section [3TT|) and one can easily see that we are exactly in the 
situation of Section l3.ll with /o(w) = cj(l) = (^0,1 (<^i ■)■ 
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We will call a probability measure fi on R an invariant measure of the stochastic flow 
(fi, if it is an invariant measure for the one-point motion of the flow in the sense of discrete 
(one-step) Markov chains, i.e. for any Borel set A of R'' 

Jn 

This definition coincides directly with the definition of invariant measures for random dy- 
namical systems (sec Definition 13. ip via the construction above. 

Let us remark that we can use the one-step discretization without loss of generality for 
our purposes. If we denote P° J then [l9|, Corollary 3.3] implies that for every < > 
the entropy satisfies 

Thus we will consider the random dynamical system constructed from the one-step dis- 
cretization of the stochastic flow ip. 

9.3 Pesin's Formula for Stochastic Flows 

Then we can state the main theorem, which says that under some mild regularity assump- 
tions on the driving semimartingale field and a mild integrability assumption on the invariant 
probability measure the assumptions from Section [3. H are satisfied and hence Pesin's formula 
holds. 

Theorem 9.1. Let (p be an stochastic flow with driving semimartingale field F G for 
some k > 2 which has stationary and independent increments and let the semimartingale 
field of the backward flow be also an element of B^i^ . Assume further that ip has an invariant 
probability measure fi which satisfies 

[ (log(|x| -M))'/'dAi(x) < +00. (9.2) 

Then the discretized Lp is a random dynamical system in the sense of Section \3.1\ and it 
satisfies Assumptions\^-\^ 

Proof. From Section r9.2l we know that the discretized flow can be seen as a random dynamical 
system in the sense of Section [3TTJ 

Let us prove that the integrability assumptions are satisfied. Since the norm of the 
derivative of order k can be bounded (in both directions) by the sum of norms of partial 
derivatives up to order k (neglecting a constant) it suffices to estimate each partial derivative. 
We will apply j^. Theorem 2.2] to prove that the assumptions from Section IXTl arc satisfied. 
So let a be a multi index with \a\ = 1. Since the generating semimartingale field is an 
element of B^^ for fc > 2 by [1, Theorem 2.2] there exists c, 7 > such that the random 
variable 

y„ = sup sup |D>,,t|e-^('°s+|y|)^^^ 

yeR"* 0<is,t<l 

is ^c-integrable, where $c(a;) := cxp(— ct^)a:*dt. By Lemma 1.1] we have for a; > 1 
the inequality 

g(log.)V4Cg-(logif)V4c < 
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where the constant K only depends on c and is defined in Lemma 1.1]. Hence using the 
inequahty x < and the fact that ^c{x) > for a; > we get for each (w, x) G Vl^ x R'^ 



< l{y„<n$c(r.) + l{y„>n2V^ exp ( li^^ill! ) <i>^(y„) + ^(log+ \x\Y/^ (9.3) 



log+ |i?^/o(c.)| = log+ |I?:^o,i('^)l < log+ (Fa) +7(log+ \x\f'^ 

L{Vo<l}*c(>"a) + l{y„>l}- V ^ ^-r , 4^ 

which yields the Assumption [T] since the first and second term are integrablc with respect 
to P where as the third one is integrable with respect to /i by (|9.2p . Because of 



|log|%,(-)-/o(^)"'|| < log+ |%,(^),/o(w)-^| +log+ \DJ^{iu)\ 



(9.4) 



and since the flow property implies /o(w)^^ ~ (Pq\ = (/3i,o Assumption [3] follows from 
Assumption [T] and from (j9.3p applied to the inverse using the invariance of fji. 

Assumption [2] follows similarly. Let \a\ < 2. Since the exponential map on R"^ is a simple 
translation we have for each {td,x) € x R'' 



|-D^i^((^,a;),o| 



p.(e) 



This implies for (w, x) e x R'^ 



log+ sup \D?F(^^,^yo\\ =log+ i sup 
Vces,(o,i) / VC6Sx(o,i) 



^exp.(C)/o(^) 



< log^ sup 



^cxp,(C)'^0,l 



7(iog+|cxpjc)|)^/M ^ sup 7(log+|exp,(C)|) 
/ ?es,(o,i) 



1/2 



<log+(y„)+7(log+(|x| + l)) '\ (9.5) 
which proves via (j9.3p the intcgrability of the positive part and analogously of 



log''' sup 
Vee-B,(o,i) 



Thus Assumption [2] follows via 

Because the detcrminantc of a matrix can be bounded by the Euclidean norm, i.e. 

|dctZ?,/o(c^)| < \D,foiio)f, 

inequality (j9.4p implies 

|log|deti?,/o(c^)|| < d\log\DJo{^)\\ < d\og+ \D.Joiuj)\ + dlog+ |Z?/„(„),/o(w)-i|, 

which proves Assumption 0] via Assumption [T] and [31 
Finally let us define for a < fc and n e N 

yj':=sup sup |i5,;^(^,,t|e-''('°s^l«l)'''. 

yeR'' Q<s.t<n 

Then for fixed n £ N by d, Theorem 2.2] there exist c„,7„ > such that is 5'c„- 
integrable and thus Assumption [S] follows analogously via (|9.5p . □ 
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